HSE & UoL . Poisson process
DSBA 221 Seminar 10-11 Central limit theorem

Quiz

Random variables X and Y have a joint p.d.f.:

f(z,y) = (c+0.12y) - Ijo<ay<1}-

(a) Are X and Y independent?
(b) Find P(Y < X/2).

Solution:

(a) Let’s find the parameter c¢. Joint p.d.f. f(z,y) should be L'-normalized to 1 (since
p.d.f.-s are always non-negative, we omit absolute value sign):

/71‘(90, y)dydr =1,
! |

/ /1((; +0.1zy)dy | dov = / ((cy + 0.0527?)

0 0

1 1

) dr = /(c + 0.05x) dx,
0

0

1

= ¢+ 0.025.
0

= (cx + 0.0252?)

Thus, c =1 —0.025 = 0.975.

Marginal distribution fx(z) is already calculated as a first integration in normalization

line:
1

fx(z) = /(0.975 + 0.1zy)dy = (0.975 4 0.052) - Tjo<a<1}-
0

Due to symmetry of f(x,y) around x and y:

X and Y are independent if f(x,y) = fx(z) - fy(y). Clearly:

Which means that X and Y are ‘NOT independent ‘
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(b) Integrating by y internally first, and then by x externally:

1

P(Y < X/2) = / (/x/2(0.975 + O.lxy)dy) dx =

0

/ / (0.975y + 0.05232)| | dx =
0 0

0

1
0.975 0.05 4
/( 5 :JH—Ta:)dx—
0

0975 », 0.05 , !
x x
4 16

0975 N 0.05 |79
4 16 |320

0

~ 0.2469 |.
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Problem 1

Cars independently pass a point on a busy road at an average rate of 150 per hour.

(a) Assuming a Poisson distribution, find the probability that none passes in a given minute.
(b) What is the expected number passing in two minutes?

(c) Find the probability that the expected number actually passes in a given two-minute
period.

Other motor vehicles (vans, motorcycles etc.) pass the same point independently at the rate
of 75 per hour. Assume a Poisson distribution for these vehicles too.

(d) What is the probability of one car and one other motor vehicle in a two-minute period?

Solution:

P.m.f. of Poisson random variable X ~ Poisson(\):

e \F
P(X =k)= TR

Let X ~ Poisson(150) be a number of cars’ passes in 1 hour.

(a) Let Y be a number of cars’ passes in 1 minute. Its distribution:

150 1 150
Y ~ Poisson [ —— Lo 2 your | = Poisson  —— | = Poisson (2.5).
hour 60 60

Probability of none passes in a given minute:

e 25.2.50

P(Y =0) = — e %% 2 0.082|

(b) Let Z be a number of car passes in 2 minutes. Its distribution:

2.5
Z ~ Poisson (ﬂ -2 minutes) = Poisson (5) .

minute

Expected number of Z then:
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(c) Probability that 5 cars pass in given 2 minutes:

-5 5

P(Z = E(Z) =P(Z=5) =" 5;5 ~[0.175]

(d) Let W be a number of motor vehicles’ passes in 2 minutes. Its distribution:

75 9 150
[0 Passes - 2 hour) = Poisson (E) = Poisson (2.5) .

W ~ Poisson
hour 60

We need to find probability P(Z = 1N W = 1). Using independence:

ind e ®.5t e725.25! .
P(Z =10W = 1) P(Z = 1)-P(W = 1) = “—2-- =" = 125.¢7 = [0.007]
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Problem 2

Telephone calls enter the hotel switchboard according to a Poisson process on the average of
two every 3 minutes.

(a) Calculate the probability, that there will be exactly one call in 3 minutes.

(b) Calculate the probability, that there will be no more than one call in 3 minutes.
Let Y be the waiting time for the second call.

(c) Find the probability P(Y > 3).

Solution:

Let X ~ Poisson(2) be a number of calls in 3 minutes.

(a) Probability of one call:

(b) Probability of no more than one call:

-2 0

-2
P(X<1)=P(X=0)+P(X =1) =2 S+ 207 = 3¢ ~[0.4060

(c) Probability that we have to wait more than 3 seconds for the second call is equivalent
to probability of zero calls in 3 minutes (first call appears after given 3 minutes) plus
probability of one call in 3 minutes (second call appears after given 3 minutes):

P(Y >3)=P(X <1)=3e?~0.4060|.
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Problem 3

(a) Let Xy, Xy,... X, beii.d. exponential random variables with parameter A. Prove that
min{ X1, Xs, ... X, } has exponential distribution.

(b) Prove the memoryless property of an exponential random variable X:

PIX>s+t|X>s)=P(X >t Vt, s > 0.

(¢) When you enter the bank, you find that all three tellers are busy serving other cus-
tomers, and there are no other customers in queue. Assume that the service times for
you and for each of the customers being served are independent identically distributed
exponential random variables. What is the probability that you will be the last to leave
among the four customers?

Solution:
(a) C.d.f. of X; ~ Exp()) for t > 0 is:
PX;<t)=1—e"
Survival function of X, for ¢ > 0 is:
PIX;>t)=1-PX;<t)=1—(1—e M) =

Let L = min{ Xy, Xo,... X, }. If L is greater than some arbitrary value ¢, then all Xj
must also be greater than ¢. Using independence of X;:

P(L>t)=P (ﬁ(xi > t)> nd ﬁ P(X; > 1) = (e = e,

Fort > 0 c.d.f. of L is:
P(L<t)=1—e?",

It means that

min{ Xy, Xo, ... X,,} ~ Exp(An) |

(b) Using definition of conditional probability (A is arbitrary):

PX>s+tNX>s) PX>s+t) et
et = P(X > s) T OP(X>s) e

— 6—>\(s+t)+>\s — e—At _ P(X > t).

Q.E.D.
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(c) First of all, according to memoryless property of exponential distribution, we can choose
any point in time to start Poisson process, probability to get an event won’t change.

Let’s choose as a reference point the moment, when the first customer finishes service
at tellers.

In this situation there are 3 customers (including us), who expect tellers’ service t finish.
Service finish is a Poisson process, so we need to calculate probability, that one waiting
time is greater than others’.

This problem is symmetrical in relation to 3 customers, which means that those prob-

1
abilities for all of them are equal. Thus, it’s .
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Problem 4

X; and X5 are independent exponential random variables with rate . Let Y = X7 + Xs.
What is the p.d.f. of Y7

Use this result to compute probability from Problem 2(c).

Solution:

Both original variables are distributed as X ~ Exp(A) with p.d.f.:
fx(@) = Xe™ - Iiusoy.

Using the convolution of probabilities for y > 0:

)

Jr(y) = / P (00) (g — 1)y — / A eI [

0

We take limits of z; from 0 to y here, since for y > 0, p.d.f. fx,(y — ;) makes sense only
for such z1: y — 21 >0 =21 <.

Y

fr(y) =N Ijyso / dzy = | Nye ™ - I |
0

In Problem 2(c) we had a Poisson process with rate of 2 events per 3 minutes. Declaring

time unit as 1 minute, A = 3 for Y and:

4 2
Friy) = gue " - Iyyzop.
Finding requested probability:

[e.e] [e.e]

4 3
P(Y > 3) = /gye_gydy = —iye_gy

3 3

The answer completely coincides with that in Problem 2(c).
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Problem 5

Let X and Y be independent Poisson random variables with means A and p respectively.
Find pm.f. of Z=X+Y.

Solution:

Original variables are X ~ Poisson(\) and Y ~ Poisson(u) with p.m.f.-s:

—)\.)\:c K.Y
P(X:x):ex! and  P(Y =y)=— 1"

Using the convolution of probabilities for z > 0:

y=0 y=0

We take limits of y from 0 to z here, since for z > 0, probability P(X = z — y) makes sense
only for such y: 2z —y>0=y < z.

Using binomial theorem:

_ — (A p) Y\Y 2 —
P(Z==z2)=e Zy!(z—y)! ZC/\ 2

y=0
Turns out that the sum of independent Poisson variables is also Poisson:

Z ~ Poisson(A + p).
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Problem 6

Let X and Y be independent random variables with uniform distribution on [0, 2] each. Find

p.df. and c.df. of Z =X +Y.

Solution:

Both original variables are distributed as X,Y ~ U(0,2) with p.d.f.:

1

fx(z) = fy(z) = 5 " loze<ay.

Using the convolution of probabilities for z € [0, 2]:

(z) = fo(y)fy(z—y)dy :/2

We take limits of y from 0 to z here, since for z € [0,2], p.d.f. fx(z —y) makes sense only
forsuchy: z—y>0=1y <z

To<.<2ydy.

[\DI}—‘

1
2

z

1 z
fél)(z) = [ = Lo<s<oydy = - - Ljo<e<a}-
4 4

0

Using the convolution of probabilities for z € (2, 4]:

(2 /fX )y (2 —y)dy :/

We take limits of y from 0 to z here, since for z € (2,4], p.d.f. fx(z —y) makes sense only
forsuchy: z—y<2=9y>2-2.

< <nydy.

2

1 z
f(z) = / 1 loc.caydy = <1 - Z> Iiaca<ay-

Unifying fg)(z) and féQ)(z) into one p.d.f.:

f2(2) = 1) + f5(2) = Z Io<z<o) + (1 - Z) Jiocz<ay |

10
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C.d.f. of Z for z € [0, 2] by definition:

2

FPz) = [ 17(Qd¢c = | 2d¢ ==
[ e =

C.df. of Z for z € (2,4] by definition (with joint at previous interval):

Féz)(z):Fg)@H/féz)(C)dC:%+/ (1—3) dC=—§+z—1.
2 2

The whole p.d.f. then:
0, z<0,
2

%, 0<2<2,
52

—g—l—z—l, 2<z2<4,

1, z>4.

11
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Problem 7

Let X1, X, ... X, be independent random variables with X; having an Exp();) distribution.
Find the probability that X; is the minimum.
Solution:

Survival function (1 — c.d.f.) and p.d.f. of X; ~ Exp(\;):

P, > 1) 1, t<0,
i >t)=

e_)‘it7 t>0,
Fx, () = Niem™N - gy

Using marginalization:

o0

P(X;ismin) =P(X; < X; Vj#1i)= / PX:<X; Vi#i|X,=1t)fx,(t)dt =
= / P <ﬂ (X > t)) e Nitgr /H P(X; > t) he dt.
0 J#i 0 J#
Since limits of the integration are ¢t = 0 and t = oo, survival function is e~
i [t > Aj
P(X; is min) = / [Te " xetdt = A / e =L dt =
0 J# 0
[T
= x| < njzl - ﬁ '
Z )\] 1 e n
Jj=1 0

12
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Problem 8

Solve Problem 3(c) using marginalization technique.

Solution:

Let X; ~ Exp(\) be a waiting time for the end of service, starting from the leave of the first
customer (we use memoryless property here). Let X; be your waiting time, and X5 and X3
be waiting times of other 2 customers.

It means that we need to find P(X; > Xo N X, > X3).
Using marginalization:
P(Xl > XoNXy > Xg) = / P(Xl > XoNX; > X5 | X = t)fxl(t)dt =

— 00
o0

= / P(X, <tnXs<t)e Mdt md/P(XQ < H)P(X3 < t)he Mdt =

I
0\8

(1 o 67)\25) )\tdt )\/ 2)\t) e*)\tdt —
0

(e—)\t 92N 6—3/\1&) df — —e— M

I
>
0\8

13
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Problem 9

A fair coin is flipped 1000 times. Let X be the number of heads, turned up in the experiment.
(a) Find P(X > 1).
(b) Find P(X > 10).
(c) Find P(467 < X < 513).

Solution:

X has a binomial distribution with number of experiments n = 1000 and probability of

1 1
success p = 3 X ~ Bin (1000, 5) P.m.f. of X is following:

I\ /1) 1000z 1\ 1000
P(X =)= Clyyp <§> <§) = CYo0o <§> .

(a) Since X € {0,1000}:

1 1000
PX>1)=1-P(X =0)= 1—(5) ~1-93-107%2|

(b) Calculating 10 values manually is already frustrating:

9 1000 9
1
PX>10)=1-) P(X=u1)=|1— (5) Y Oy~ 1-25-1070]
=0

=0

(c) Calculating 46 values seems to be impossible to do manually:

513
P(467 < X <513) = Y P(X =ux).

=468

Using De Moivre-Laplace theorem, let’s approximate binomial distribution with nor-

1
mal. Expected value of X is E(X) = 1000 - 3= 500 and variance of X is V(X) =

11
1000 - 3 53= 250, which means that:

1
X ~ Bin (1000, 5) L Xowr ~ N(500,250).

14
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M /" “N\ e X ~ Bin(1000,0.5)
A AN Xewr ~ N (500, 250)
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~ / \
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0.000 A
460 480 500 520 540

T

1
Figure 1: Approximation of X ~ Bin (1000, 5) with Xcrr ~ N (500, 250).

This approximation is good since np = 500 > 5 and n(1—p) = 500 > 5, and it is shown
in fig. 1.

Let’s find probability P(467 < Xcpr < 513) as shown in fig. 2. Probabilities of X are
expanded from points into rectangles with width 1 and respective height.

Using standardization, difference of c.d.f.s, symmetry of Z ~ N(0,1) and standard
normal distribution table:

467 — Xewr — 13 —
P(467 < Xorr < 513) = P( 67 —500 _ Xcur —500 _ 513 500)

<
V250 V250 T /250
P(—2.09 < Z < 0.82) = ®(0.82) — ®(—2.09) =
0(0.82) — 1 + ©(2.09) ~ 0.794 — 1 + 0.982 = 0.776.

But we forgot about one important moment — variable X is discrete and we should take
into account that limit 467 is excluded and limit 513 is included. Thus, in our previous
calculation we did not distinguish between inequalities 467 < X < 513, 467 < X < 513,
467 < X < 513 and 467 < X < 513.

To include 513 and exclude 467, we conduct a continuity correction, shown in fig. 3.
The whole rectangle, responsible for X = 467 is erased, and rectangle, responsible for
X =513 is marked. Thus, limits are shifted from (467,513) to (467.5,513.5).

15



HSE & UoL . Poisson process
DSBA 221 Seminar 10-11 Central limit theorem

0.0201 | i

0.0051

0.000 1

460 467 480 500 513 520 540

0.0251

0.0201 [l HL

0.0051

0.0001

460 4675 480 500 5135 520 540

Figure 3: Continuity corrected area is given by P(467.5 < Xcpr < 513.5).

16
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Using standardization, difference of c.d.f.s, symmetry of Z ~ N(0,1) and standard
normal distribution table:

467.5 — 500  Xcpr — 500 513.5 — 500
P(467.5 < Xcpr < 513.5) = P ( cLT < >

<
V250 V250 /250

P(=2.06 < Z < 0.85) = ®(0.85) — ®(—2.06) =
®(0.85) — 1 + ®(2.06) ~ 0.802 — 1+ 0.980 = [0.782]

Let’s compare our results with direct calculation of P(467 < X < 513) in Python:

P(467 < X < 513) ~ 0.783.

Continuity corrected result is only 0.001 away from the true one (and we don’t take
into account rounding and table usage inaccuracies). This will always be the case for
De Moivre-Laplace approximations — continuity corrected results are always better.

17
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Problem 10

An emergency towing service receives on average seventy calls per day for assistance. For
any given day, what is the probability that fewer than fifty calls will be received?

Solution:

Let X ~ Poisson(70) be a number of calls per day for assistance with E(X) = 70 and
V(X) =T170.
We need to find P(X < 50).
According to CLT:
X ~ Poisson(70) ~ Xerr ~ N(70,70),

and since we approximate discrete distribution with continuous, we should conduct continuity
correction. Point X = 50 is excluded:

P(X < 50) ~ P(XCLT < 495)

Using standardization and symmetry of standard normal Z:

49.5 — 70

V70
—1— ®(2.45) ~ 1 — 0.993 = 0.007.

P(Xcrr < 49.5) =P <Z < ) ~P(Z < —2.45) = ®(—2.45) =

Thus,

P(X < 50) ~[0.007]

Python simulation gives P(X < 50) ~ 0.005.

18
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Problem 11

Suppose that the step length is uniformly distributed in the interval [0.9,1.1] meters. A
person walks 100 steps. Find the probability that the walked distance will be more than 105
meters.

Solution:

Let X; ~U(0.9,1.1) be an i*" step length in meters. Moments of X;:

_ 09411
R e !

(1.1-09)2 1

E(X,) S
12 300

V(X;) =

100

Distance after 100 independent steps is S = > X;. We need to find P(S > 105).
i=1

According to CLT:

1
S = Scrr ~ N (100 -E(X;) = 100,100 - V(X;) = g) ’

Using standardization and symmetry of standard normal Z:

105 — 100
P(Scur > 105) =P (Z > —> ~P(Z>346) =1— ®(3.46) ~ 1 —0.9997 = 0.0003.
1/v3
Thus,
P(S > 105) ~|0.0003|.

Python simulation gives P(S > 105) ~ 0.0001.

19
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Problem 12

Your gain in one round of a game with zero mean is 1 (with probability 0.5), 0 (with proba-
bility 0.4), and —5 (with probability 0.1). Estimate the probability that your total gain after

100 independent rounds of the game will be greater than 20.

Solution:
Let X; be your gain in the round i. All X; are i.i.d. with
E(X;)=1-05+0-044(=5)-0.1=0,

E(X?) =12-0.5+0% 0.4+ (=5)%-0.1 =3,
V(X)) = B (X}) —E(X;)* =3-0"=3,

100

Total gain after 100 rounds is S = > X;. We need to find probability P (S > 20).

=1

According to CLT:

S & Serr ~ N (100 - E(X;) = 0,100 - V(X;) = 300),

and since we approximate discrete distribution with continuous, we should conduct continuity

correction. Point S = 20 is excluded:

P(S > 20) ~ P(SCLT > 205)

Using standardization and symmetry of standard normal Z:

20.5-0
P(S >205)=PZ > ~P(Z>118)=1—-®(1.18) =1 —-0.882 =0.118.
(Serr > 205) =P (2> 2020 ) < P2 > 118) = 1 - B(L.15)
Thus,
P(S > 20) ~[0.118]

Python simulation gives P(S > 20) ~ 0.116.

20



HSE & UoL . Poisson process
DSBA 221 Seminar 10-11 Central limit theorem

Problem 13

Let X4,..., X8 be a random sample of size 48 from the distribution with p.d.f.:

1
flz) = pol Irp>1y.

Approximate probability, that at most 10 of these random variables have values greater than

4.

Solution:

Let’s introduce following random variables:

1, if X; >4,
Yi_{ 0, if X;<4,

Those are Bernoulli random variables with the probability of success:

<1
4

1 1
4

1 48
Now we have i.i.d. Y; ~ Bernoulli 1) Let S = ) Y;. Sum of i.i.d. Bernoulli variables is a
i=1
random variable with binomial distribution:

1 1
S ~ Bin (48, Z) with E(S) =48 - 1= 12 and V(S) = 48 -

e~ =

1w
1

Ne}

We need to find P(S < 10).

According to De Moivre-Laplace theorem:
_ 1\ 4
S ~ Bin 48, Z ~ SCLT ~ N(12, 9),
and since we approximate discrete distribution with continuous, we should conduct continuity

correction. Point S = 10 is included:

P(S < 10) =~ P(SCLT < 10.5).

Using standardization and symmetry of standard normal Z:

10.5 — 12

V9
=1—(0.5) ~ 1 — 0.691 = 0.309.

P(Scrr < 10.5) =P (Z < ) ~P(Z <—-05)=o(—-0.5) =

21
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Thus,
P(S <10) ~|0.309 .

Python simulation gives P(S < 10) ~ 0.315.

22



