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Quiz
Let Zi,...,Z; be a random sample from the standard normal distribution.

Let W =2} +---+ Z2.
(a) Use CLT to estimate P(1.69 < W < 14.07).

(b) Find exact value of that probability.

Solution:

(a) The CLT states, that if Xy,..., X, are i.i.d. variables with V(X) = 0? > 0 (where
X is a variable with common distribution for X;), then sum S, = X; + ...+ X,, in
standardized form Z,,:

S, —E(S,) S, —n-E(X)
N gs,, N \/EO'

converges in distribution to the standard normal one:

Zn

Zy —2 7 ~ N(0,1).

n—00

In our case X; are Z? with n = 7. We know that the sum ) Z? is a random variable
i=1
W with y2-distribution with number of degrees of freedom n. Moments of W are:

E(W) = n, V(W) = 2n. Another approach is to use identity of Z? each of them is
distributed as x?, which means that E(Z?) = 1 and V (Z?) = 2.

Anyhow, using standard normal distribution table and symmetry of Z, the required
probability then is:

169—7-1 W-=7-1 14.07—7-1
P(1.69 < W < 14.07) = P( > ~

VIVE S VTVE T VT

5.31 7.07
~P|—— <7 < — | &2 ®(1.890) — &(—1.418) =
( z _14) (1.890) — B(—1.418)

= §(1.890) + ®(1.418) — 1 ~ 0.971 + 0.922 — 1 =[0.893].

(b) W ~ x2. Using tables of y?-distribution:

P(1.69 < W < 14.07) = P(W < 14.07) — P(W < 1.69) =
= P(W > 1.69) — P(W > 14.07) = 0.975 — 0.05 = [0.925|.
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Problem 1

Suppose X1, Xo, ..., Xj¢ is a random sample taken from an N (12, 25)-distributed population.

(a) Find the probability that the sample variance S? is between 20 and 30.

(b) Find the range for the middle 90% of the distribution of the sample variance.

Solution:
Fisher’s lemma states that if X;,..., X, is a sample of i.i.d. random variables from N (u, o?)
then ( 52
n—1
T ™~ X1
o
1 n — - n

where 5% = ] (Xi - X ) is an unbiased sample variance, and X = — )~ X is a sample

n—1i=1 =1
mean.

Multiplier n — 1 instead of more obvious 7 in the denominator of S? definition is due to the
fact that a sample variance is calculated from the vector of residuals X; — X:

(Xi-X X—-X ... X,—X).
While there are n independent observations in the sample, there are only n — 1 independent

residuals, as they sum to 0. Thus, there are n— 1 degrees of freedom in S?, and consecutively,
in y2-distribution of S2.

12 —
Also, if we tried to estimate variance with — > (XZ- - X ) by the sample, which contains
=1
only one observation (n = 1), we would always get 0 for any population and any sample.
In reality variance can’t be estimated by the sample with one observation, because there’s
simply no variability. In the case of unbiased S? sample variance does not exist, which fully

corresponds to the nature of variance.

(a) Applying Fisher’s lemma to sample with n = 10 observations with A/(15,25) distribu-
tion:

o5 Xg-

Required probability then:
) 9 952 9 )
P(20 < S%<30)=P 3520 < 55 <5230 =P (7.2 < x5 < 10.8) ~|0.327|.

Here we used simulations in Python directly, since y2-table does not provide probabil-
ities for values 7.2 and 10.8 within good accuracy.
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(b) Middle 90% of the distribution cut off left and right tails of 5% each. Thus, we need
to find values s7 and s3 of sample variance, which correspond to percentiles X3, .95 and
Xs2a; 0.05, Where the second index defines the probability of right tail. Illustration is given

in the fig. 1.

0.00

X

Figure 1: Middle 90% of y2-distribution.
Applying Fisher’s lemma, the probability is:
952 9s2
P(s%<52<52):P(i<x2<ﬁ),

which means that

952 25
— = XS; 0.95 5% =" Xg; 0.95
25 9
2 =
9s3 2 2 _ % a2
55 = X008 52 = 79 " X9:005°
Using tables of y2-distribution:
25
2 o
S1 %333, §2 ~9.25,
25 2 a0 47
$2 A 5 1 16.92, 52 7 2
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Problem 2

An ordinary die is “fair” or “balanced” if each face has an equal chance of landing on top
when the die is rolled. Thus the proportion of times a three is observed in a large number of
tosses is expected to be close to 1/6. Suppose a die is rolled 240 times and shows three on
top 36 times.

(a) Find the probability that a fair die would produce a proportion of 0.15 or less.

(b) Give an interpretation of the result in part (a). How strong is the evidence that the
die is not fair?

(c) Suppose the sample proportion 0.15 came from rolling the die 2,400 times instead of
only 240 times. Rework part (a) under these circumstances.

(d) Give an interpretation of the result in part (c). How strong is the evidence that the die
is not fair?

Solution:

Let R be the number of successes in n trials. We know that probability of getting exactly R
successes with probability of success p subjects to binomial distribution Bin(n, p). Probability

~ R
p can be estimated with statistic P = —, which is called sample proportion.
n

Since we know expected value and variance of R ~ Bin(n,p): E(R) = np and V(R) =
np(1 — p), we can find those moments for P:

e(7)=e (i) ==n ==

V(ﬁ) _v (g) _ Vr(f) _ np(jﬂ—p) _ p(ln—p)

We could assume that P has binomial distribution, since it is scaled binomial R. But Pis
not binomial, at least because binomial distribution can take only integer values.

As an extension on Moivre-Laplace theorem (or another particular case of the Central Limit
Theorem), when n is large enough:

~

P
L L Z~N(0,1).
B /p(l _p>/n n—00
Derivation is identical to that of Moivre-Laplace, but for averages. If X;,..., X, are n i.i.d.
~ S, Xi+...+X,.
Bernoulli variables with probability of success p, then average P = — = 1. in
n n
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standardized form Z,,:

Soe(E) gy S,
_ _n — n 1, Z~N(0,1).
Sn ox/Vn o \/p(1=p)/yn n

Q
0

The best way to define, when we can use normal approximation for P is via its physical
meaning. Since P estimates probability p, its limits should be [0, 1]. So, we want all possible
outcomes p of variable P to lie within [0, 1]. This is achieved if

[E (13) — 305, E(ﬁ) +3oﬁ} - [p—3\/@, p+3\/@] c [0,1]

by 3 sigma rule — 99.7% of probability lies inside 3o range.

(a)

Before we use normal approximation to calculate the probability, we should check that

this approximation is viable. For n = 240 and p = 6:

AS N O3 _+3.

15
6 6 1
240 ' 6

~—2 [ = 0. 24 1

thus, we can use normal approximation. Using standardization and standard normal
distribution table:

~ 0.15—-1/6
P (P < o.15> —P (Z < TM/) ~ B(—0.604) = 1—3(0.694) ~ 1-0.755 = [0.245).
We have 24.5% chance to get proportion p = 0.15 or less after 240 die rolls if the true
1
success probability is 5 Since 24.5% is sufficiently large, this event is probable and the

evidence of die not being fair is ‘NOT strong enough |.

Increasing number of rolls n, we decrease the variance of ﬁ, thus [p— 30, p+305p] for
1
n = 2400 will be narrower than for n = 240 in vicinity of 5 and definitely in range of
[0,1]. New o5 is ~ 0.0076:
~ 0.15—-1/6
P <P < 0.15) =P (2 <~ o )~ ®(-2.108) = 1-9(2.103) ~ 1-0.986 = [0.014].

Now it is only 1.4% to get proportion p = 0.15 or less. Such event is highly improbable
and the evidence of die not being fair is ‘strong enough ‘
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Problem 3

Random variable X assumes values 0 and 1, each with probability 1/2.

(a) Find population mean p and variance o?.

(b) You have 9 independent observations of X: {Xj,...,Xo}. Consider the following
estimators of the population mean pu:

. ~ _ . AN 1
1) 1 = 0.45; iV) gy = X1+ §X2;
i) fip = X7; 9 9 1
iii) 7y = X; V) =gt g g

Which of these estimators are unbiased? Calculate bias for each estimator. Which
estimator is the most efficient?

(c) Which estimators from part (b) are consistent?

Solution:

For X ~ Bernoulli(p) mean

N —

(a) X is Bernoulli variable with probability of success p =

and variance are known: E(X) = p, V(X) = p(1 — p). Thus, in our case:

(b) The bias of an estimator is an average difference between estimator fi and true param-

eter value u:
Bias (1) = E (1 — p) = E(0) — .

Clearly, estimator is considered to be unbiased if its bias is 0, or E (i) = p.

Let’s calculate biases for given estimators:

i) Bias(pi1) = E(0.45)— . Negatively biased (underestimates parameter).
1 1
ii) Bias(us) = E(X;) — 55 5 — 0], Unbiased.
1 1 1
iii) Bias (1i3) = E(X) — 557 5= (E(X) = p). Unbiased.
1 1 1 1 1 1 1
iv) Bias(u4) =E (Xl + ng) 5~ 3 + 3573 . Positively biased (overes-

timates parameter).
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2 2 1 1 21 21 11 1

Bias(is) =E | =-X;+=-Xo0—=-X3 | — —=—-—4+— - ——. - — = =1|0|. Unbiased.

v) Bias (fis) (3 1ty Ty 3) 3=33%33 33 5= L0} Unbiase

Let’s compare efficiency of estimators in terms of Mean-Squared Errors (MSE). MSE
of estimator 71 is defined as

MSE (7) = E ((7i - 1)%)
which can be expanded via variance-mean identity E (Y?) = E(Y)? + V(Y) as
MSE (7) = E (7o — )” + V (71— ) = Bias*(7) + V (7).
MSE of given estimators are following:

i) MSE (fi;) = Bias?(0.45) + V (0.45) = (—0.05)2 + 0 =[0.0025].

1 [1
i) MSE (i) = Bias® (X)) +V (X)) = 0+ 7 =| 7|
~ . 9 = 2 1 1 1 0'2
iii) MSE (i3) = Bias*(X) + V(X)) =0*+ = -~ =| | (V(X) = — |.
9 4 |36 n
iv) MSE (1) = Bias>( X1+ =X, ) +V [ X, + +x DL (L (e
1v = 1 - — = — — _ . — —
i R S 6 17\3) "4
L5 (1
36 18 |36]

~ ) 2 2 1 2 2 1
V) MSE (/Lg,) = BlaS2 <§X1 + gXQ — §X3) + V (§X1 + §X2 — §X3> =

NEERGENORI B

ThUS, we have MSE (//Il) < MSE (//Ig) < MSE (ﬁz) = MSE (ﬁ5) < MSE (ﬁ4), and
estimator i; being best in terms of MSE.

We have to emphasize that with the increase of observations in sample up to n = 100,
MSE of fi3 will catch up with MSE of ji;, and after greater increase the estimator jis
will be more efficient than fi; in terms of MSE.

An estimator é\n of the parameter # is consistent if it converges to 6 by probability:

0, —— 0,
n—oo
or .
Ve>0: P(@n—9‘>e> 0.
n—oo
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To find the sufficient condition of estimator consistency. Let’s consider Markov’s in-
equality, which has the following general formulation:

Markov’s inequality. If X is a non-negative random variable and € > 0, then

E(X)

P(X >¢) <
€

Let’s substitute X with

én — 8’ and bring interior of probability to quadratic form:

-~

§n—9)ze>=P(<§n—9>2252> < E(@n_e) ) :MSE@").

g2 g2

g

The last inequality immediately implies the fact that

MSE(@)w—;o = 00

Thus, tendency of MSE to 0 is the sufficient condition of estimators consistency.

That last inequality is also sometimes called Chebyshev’s inequality, since if E <5n) =4,
Markov’s inequality transforms into:

Chebyshev’s inequality. If X is a random variable and with finite expected value
and finite non-zero variance, then Ve > 0

V(X)

P(X —EX)| >¢) < =

Overall, if inequality contains quadratic loss function, it’s usually called Chebyshev’s
with a purpose not to confuse it with Markov’s one, which uses absolute loss function.

The only consistent estimator in our problem is fis = X, since
2

lim MSE (fis) = lim V (X) = lim — =0,

n—00 n—o00 n—oo N

while variances of other estimators are constants due to limited set of observations Xj.
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Problem 4

Let X, X5, X3 be a random sample from a population with mean p and variance 0. Consider

the following two estimators of variance o
(a) 0% = 1 (X1 — Xp)*;
(b) 33 = ¢y (X1 — X2)* + o (X1 — X3)* 4 2 (Xo — X3)*.

Find constants ¢, ¢z, such that 57 and 75 are unbiased estimators of 2.

Solution:

For an estimator to be unbiased, its expected value should be equal to the estimated param-

eter: E(0?) = o2,

(a) Let’s find expected value of 2.

E (8’%) =E (Cl (Xl — X2)2) = ClE (X12 + X22 — 2X1X2)

= (E(X7) +E(X3) —2E(X1Xy)).

From identity for variance and mean

Vie{1,2,3}: E(X?) =V(X)+E(X,)’ =0+ %

Due to independence of observations

Vifje{1,2,3): E(XiX;) = E(X)E (X)) = u.

Thus, expected value of 3

E (Ef) =0 (02 + ot — 2,u2) = 2¢,0°%.

1
2010’2:(72 EESS C1 :.

(b) Based on derivations from previous part:

o2 will be unbiased if:

Vi£je{1,2,3}: E((X;—X;)?) =E(X?) +E(X}) - 2E(X;X;) = 20°.

Expected value of 53 then:

E (62) = cE (X1 — X2)%) + &oE (X1 — X3)*) + eE (X2 — X3)%) = 6507

o2 will be unbiased if:

2 2 |1
6coo” =0 — cz—.
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Problem 5

Let X ~ N (p,0%) and Y ~ N (2u,202). You have samples of size n and m from the two
distributions: {Xi,..., X, } and {V1,...,Y,,}. Consider the estimator i = ¢; X + Y.

(a) For which ¢y, ¢s the estimator is unbiased?

(b) For which ¢y, ¢3 the estimator is unbiased and most efficient?

Solution:

(a) Since X and Y are normally distributed, sample means, derived from their population,
are also normal with known parameters:

o 2 o 2 2
XNN(M,U—) and YNN(QM,L).
n m
Let’s find expected value of .

E(u)=E (cl)?—i— 02?) =E ()7) + cE (7) =1+ 2¢o0.

i will be unbiased if:

(b) We have to find such ¢; and ¢y that will minimize MSE of i, while being unbiased. The
latter condition states that ¢; + 2¢o = 1 should hold:

cr,c; =argmin MSE ()  s.t. ¢ +2c, = 1.

C1,C2

The MSE is:
MSE (7)) = Bias*(0) + V(3) = 0+ V (X + oY) = V(X)) + 3V (Y) =

2 2 2 2
o 20 c 2c
:C%-——ch'—zaz _1+_2 .

n m n m

Minimization problem can be solved via Lagrange multipliers A, assigned to constraint
of unbiasedness. Lagrangian £ will take a form:

2 22
£:a2(ﬁ+ﬁ>—)\(cl+202—1).

n m

10
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Necessary condition of the minimum:

* 2 *
%:2010 N =0, c*:)\—n (c’{: n |
dcy n L™ 94527 n+2m
oL  4cso? \m ,__m
8_02: 721 -2\ =0, = Cg:?ﬂ’ — “ n+2m’
2
oL . . N Nm Vo 20

We should check that cj, 5 give indeed a minimum. By sufficient condition of the
minimum, let’s see if the Hessian matrix # is positive-definite (all minors are positive):

0*L 0*L 252
9 9ci0cs — 0
H = - > 07
PL L , Ao
Ocy0cy oc3 m

since 0%, n and m are always positive (except for degenerate cases of 0 sample size).

It means that

. n
Cl— 9
n+2m
chy = mn
5 =
n + 2m

indeed produce the most effective unbiased zi in terms of MSE.

11
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Problem 6

Let X1, Xo, X3, ..., X, be a random sample from a ¢/(0, #) distribution, where 6 is unknown.
Define the estimator R
@n = HlaX{Xl, XQ, Xg, ce 7Xn}-

(a) Find the bias of On.

(b) Find the MSE of ©,,.

(c) Is ©, a consistent estimator of 67

Solution:

(a) The p.d.f. fx of random variable X, sample of which was taken, and c.d.f. Fy are

following:
0, z<0,
1 T
fx(z) = g‘]{ogxse}a Fx(z) = 7 0<z<0,
1, =z>460

Since @n is the maximal value among all X;, we can make a conclusion, that when @n
is less than some chosen number z, all X; are also less than = (simultaneously). C.d.f.

Fg, then:
Fg,(2) =P (8, <) =P (ﬂxi < :c) =“II[Pxi<a) =] Fr(2) =
i=1 i=1 i=1
0", z <0,
— 17T Fx(a) = (%)n 0<z <,
= 1", = >46.

P.d.f. fg is a derivative of Fg :

d na™

fén(x) = %F@"(x) ~ e Ljo<z<6y-

Bias of estimator @n is the expected difference beween estimator itself and estimated

parameter 6:
Bias (@n) ~E (én - 0) ~E (én> — 0.

12
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Expected value of On by definition:

0o [
N a1 n gl 0 n
/xe”(x)$ /x o o n+1], n+1
—00 0
Bias then:
~ 0
Bias(@n>: n 0—0=|— )
n—+1 n—+1

It means that (:)n on average underestimates 6.

(b) MSE is a sum of variance and bias squared, thus we need to calculate V <@n>

00 0 . " 0
E(C:)2>—/x2fA (x)dx—/x2~nm 1d‘r:£'$+2 SR LEE
n On on fr n+2, n+2
—00 0

. . - 2
v (6") =E (@’21> —F (6")2 B nj—292 B (nil) V= (n+2)T(Ln+ 1)202'

MSE then:
~ B N 62 n
— Riga2 — 2 _
MSE (8,) = Bias*(8,) +V (8,) = CES e Ty 1A
B 20°
4+ 2)(n+1)
(c) Since
: A . 20>
Jim MSE (8 = lim £y =0

estimator ©,, is | consistent |.

13
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Problem 7

When R successes occur in n trials, the sample proportion p = R/n customarily is used as

an estimator of the probability of success p. However, there are sometimes good reasons to

) R+1 . . . o
use the estimator p* = i Alternatively, p* can be written as a linear combination of
n

the familiar estimator p:
., _np+1 n 5y 1
Py T a2 Py

(a) What is the MSE of p 7 Is it consistent?
(b) What is the MSE of p* 7 Is it consistent?

(c) To decide which estimator is better, p or p*, does consistency help? What criterion
would help?

(d) Tabulate the efficiency of p* relative to p, for example whenn = 10 and p = 0,0.1,0.2, .. .,
0.9, 1.0.

(e) State some possible circumstances when you might prefer to use p* instead of p to
estimate p.
Solution:

(a) MSE is a sum of variance and bias squared. Since

E) =p amd V(=202

Bias (p) = E (p) — p = 0, and MSE:

MSE (5) = Bias2(p) + V (§) = 0% + p(ln_p) _|pd=p)|

Since .
lim MSE (p) = lim p—( —7)

n—oo n—00 n

estimator p is | consistent |.

(b) Let’s find E (p*) and V (p*):

. n . 1 n - 1 np+1
E(p)ZE( p+ ): E(p) + =

=0,

n—|—2' n-+ 2 n+2.

14
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V(p*):V< n_ 5. 1 ):( n )Q.V(ﬁ):np(l—p)

n—i—2. n -+ 2 n-+ 2

MSE of p* then:

(n+2)2

(1 —2p)* +np(1 - p)

np+1 >2 np(l—p)

MSE (p*) = Bias®(p*)+V (p*) = ( —— ni2? -

Since

(n+ 2)?

. o (1=2p)+np(l—p)
L MEE W) = e

estimator p* is | consistent |.

=0,

(¢) Since both estimators p and p* are consistent, we can not decide based on this property
which one is better. Relative efficiency (upon MSE) would help.

(d) We will not tabulate MSE, but rather plot them. Illustrations are given in fig. 2.

0.000

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
p

0.8 0.9 1.0

Figure 2: MSE of estimators p and p* for n = 10.

(e) We would prefer to use p* instead of p in the interval of probabilities, where MSE (p*) <

MSE (p). For the case of n = 10 this interval is approximately

p € (0.14,0.86) |

15



