HSE & UoL . Joint continuous distributions
DSBA 221 Semmar 8-9 Random variables transformations

Problem 1

1 1
Suppose X ~ Bernoulli (5), Y ~ Bernoulli <§> and p(X,Y) = 0.8. Find the joint distri-
bution of X and Y.

Solution:

Definition of correlation coefficient:

MXJj:Cmﬂ&Yk:HXYy—HXyE@U

0x0y 0x0y

Moments of Bernoulli variables:
X ~ Bernoulli(p) = E(X)=p, V(X)=p(l-p),

thus

Finding E(XY) from p(X,Y):

8

HXY%ZMXJwamw+axyEﬂj:‘yi

—_

By “definition” of E(XY):

EXY)= Y 2y Pxy(x,y)=0+0+0+1-1-Pyxy(L,1),
z,ye(X,Y)

9
- P)Qy(l,l) = %

1
Adding probabilities to get 3 in marginals, we get following p.m.f.:

X\Y| 0 1
0 [9/20 1/20
1 | 1/20 9/20
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Problem 2

Suppose random variables X and Y have joint normal distribution.

(a) If X and Y are standard normal, and P(X +Y > 1.96) = 0.025, what is the correlation
between X and Y 7

(b) If X and Y are independent, what is P(X > 1.96 | |Y| > 1.96)?

Solution:

(a) The sum of normal random variables is also normal:

X ~N(0,1), Y~N0,1) = X+Y~N(0,0),

o2 = V(X)+V(Y) +2 Cov(X,Y) = V(X) + V(Y) + 20/ V(X) - V(Y) =
—14+1+2p-1-1=2+2p.

Using standardization:

1.96 1.96
PIX+Y>19)=P|Z> ——|=1-0( ——— | =0.02
(X +Y >1.96) < > = 2p) ( S 2,0) 0.025,

1.96
O ( —=——=| =0.975,
2+2p

1.96

— =~ 1.96,
V2+2p

pR——|

2

(b) Since X and Y are independent:

P(X >1.96| Y| > 1.96) = P(X > 1.96) =[0.025].
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Problem 3

Let two random variables have joint p.d.f.:

Fa.y) cry, 0<z,y<2,
€T =
Y 0, otherwise.

(a) Find ¢, marginal p.d.f. fyx, marginal p.d.f. fy. Are X and Y independent?
(b) Find Cov(X,Y).

(c) Let g(z) =E(Y | X = z). Find g(x).

(d) Find P(X? > Y?).

Solution:

(a) Using normalization condition:

22 2 2

//f(x,y)dxdy://cxydxdy:c/xdx/ydy:1,
oo 00 0 0
1 1 1 1
€= 2 T 22 22 92 92 |4
T Y
rdr [ ydy  =—| . = — =
e gl E, 7

P.d.f. f(z,y) is illustrated in fig. 1 and 2.
Marginal distributions by definition:

2

r 1 1 2
fx(z) = / flz,y)dy = / nydy “Mfocacay = ZI “Ljo<a<ay - D)

0

L{o<a<ay |

| R

2

T 1 1 z
fY(?/) = / f(as,y)dx = / nyd:): : I{O<y<2} = Zy : I{0<y<2} : o
—00 0

)
- 5 . I{O<y<2} .

X and Y are considered to be independent if V(z,y) € (X,Y) : fx(x)- fy(y) = f(z,y):

Xz

Y 1
fX(I) ’ fY(y) = 9 : I{0<$<2} : 5 : ]{0<y<2} = ny : I{0<x,y<2} = f(l'a Z/>‘

Thus, X and Y are .
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Figure 1: Probability density function f(x,y) = VA Ito<ay<ay (top view).
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Figure 2: Probability density function f(x,y) = raa Tto<ay<ay (side view).
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(b) Since X and Y are independent, their covariance is zero:

Cov(X,Y) =|0].

(c) By definition of conditional expectation:

[e.e]

E(Y | X = 2) = / v frix(y | 2)dy.

—00

But since Y is independent from X, its conditional p.d.f. is equal to marginal one:

V(z,y) € (X.Y): frix(y | =) = fr(y).
Substitution of fy into conditional expectation E(Y | X = x) gives marginal E(Y):

00 2

Q(ZE)ZE(YIXZZL“)ZE(Y)Z/y-fy(y)dyzfy-ydyz%

—0o0

(d) Since X and Y both take only positive values:
P(X*>Y?)=P(X>Y).

From the geometry of f(z,y) in fig. 1, it’s clear that line Y = X separates two identical
1

volumes under p.d.f.; which means that P(X >Y) =P(X <Y) = 3" We can prove

it explicitly via integration:

2 2
1 1 g2
P(X>Y):/ /nydy d:p:/zx.%
0

0 0

1

2
o 2]

2

x 3 4

-dx:/x—dx:x—

0 8 32
0
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Problem 4

Same as in Problem 3, but joint p.d.f. is:

cry, O<y<uz<2,
f(z,y) = .
0, otherwise.

Solution:

(a) Using normalization condition:

T

[e'¢) 2 2 T
//f(:v,y)dxdy :/ /cxydy dx:c/x /ydy dr =1,
o 0 \o 0 0

1 1 1 1 1
=73 z 2 G T 2.3 T a2 |3
fx(fydy)dx fxy— -dx fx—dx T
0 0 0 2, 0 2 3 1o

P.d.f. f(z,y) is illustrated in fig. 3 and 4.
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Figure 3: Probability density function f(x,y) = 3%y Ttocy<acay (top view).
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Figure 4: Probability density function f(x,y) = 3%y Ttocy<a<ay (side view).

Marginal distributions by definition:

1 1 y2 x $3
fx(z) = fz,y)dy = | saydy - Ltococoy = 520 Ljo<a<2y - 5| = | L{o<a<2} |
2 2 2, 4
—00 0

[e’e) 2 9

1 1 x? y3

fry) = [ flz,y)dx = Stydr-Tocy<ay = Sy-Tocy<ay o | =¥ — 7 ) - Tro<y<ay |

Y

Y

In this case f(x,y) is clearly not equal to fx(z) - fy(y), which means that X and Y
are not independent.

Interestingly, marginal distribution fy(x) is monotonically increasing, while fy(y) has
maximum in y = 75 in contrary to marginal distributions from Problem 3, in which

both of them were symmetric and monotonic. This is illustrated in fig. 5 and 6.

(b) Since Cov(X,Y) =E(XY) — E(X) - E(Y), we have to calculate expectations first:

') 2 IB x5 2 8
E(X) = /xfx(x)dxz/x-zdx: = -3
J J
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Figure 5: Marginal slices of p.d.f. f(x,y) over X-axis.

Figure 6: Marginal slices of p.d.f. f(z,y) over Y-axis.
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00 2
3 32 5|2
Y Y Y 8 &8 16
(Y) /yfy(y)y /y (y 4) V=3 "2 7375
—0o0 0
%) 2 x 1 1 2 T
E(XY) = //xyf(x,y)dxdy —/ /xy-ixydy dr = 5/9{;2 /dey dr =
oo 0o \o 0 0
2 2
L[, P 1/:55 1 257 16
S dl dr== | —dr==. 2| = —
2/”3 3, T2/ 3" T2 18], 9
0 0
Covariance then:
Cov(X,Y) 16 8 16 16
'V - - — — i — = —
’ 9 5 15 225
(c) We need conditional p.d.f. fy|x(y | ). By definition:
L I
flx,y) §$y‘ {0<y<z<2} 2y
fY|X(y ’ :c) = fx(x) = 3 = F ) I{0<y<m<2}~
Z' {0<z<2}
Conditional expectation then:
glx) =EY | X =x) = /y~fY|X(y | z)dy = /y-de-I{km} =
—00 0
2 3" 2
2 Mo<a<ay = gf’? “Ljo<a<ay |
0

(d) By composition of p.d.f.X is always greater than Y. Since P (X? > Y?)=P(X >Y):

P(X*>Y?) =[1]

Explicit calculation of P(X > Y) is executed in normalization part.
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Problem 5

X is a random variable with p.d.f.

0, <0,
1
Z, 0<I§1,
flz)=<ar—a, 1<x<2,
1
Z’ 2<$§3,
\ 0, x>3.

(a) Find c.d.f.

(b) Find P (X > g)

(c) FindP<X<g‘X>1).

(d) Find E(X).

Solution:

(a) Firstly, let’s find the missing value of the parameter a. It can be acquired from the

normality condition:
/ f(z)dz = 1.

Substituting given p.d.f. and considering different integration limits:

1 2 3

1 1
/Z-da:%—/(a:v—a)das—k/z-dx:l.

0 1 2

It’s clear that the first and the third terms (from direct calculation and from the

geometric view of the p.d.f. in fig. 7) both equal to 1 It means that parameter a can

be found as:

] 1 1 1
_ 4 4 _ 2 _
a=- =y 5 = L.
[(x=1)de =—| —=x
1 21 1

10
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Figure 7: Probability density function f(x).

Figure 8: Cumulative distribution function F(z).

Now we are ready to calculate the c.d.f. F(x). As the p.d.f. f(x), it will have 5
different regions. From the property of c.d.f.-s it’s clear that the first part for x < 0
will be zero probability — Fi(x) = 0, and the last part for x > 3 will be total probability
- F5 (.’L') =1.

Let’s calculate the remaining parts by definition of c.d.f.:
Fla)= [ 16

For z € (0, 1]:

INIPAN
8

5
&
I
O\H
AN
L
Iy
I
=18

[e=]

11
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For z € (1,2]:
11 T €2$ - 9 5
x
By(z) = [ =- =R +2| —¢ =L a4 2
o) = [ rde+ e nie =R+ G| <€ = 5w+ ]
0 1
For z € (2, 3]:
1 2 T 5
1 1 Yo 4+1
Fy(z)= [ —- -1 - déE=F32)+ > = .
@)= [ Grdes [e-nacs [Foac=re)+f) =5
0 1 2
Thus, the c.d.f. has the following view (fig. 8):
( 0, z<0,
Z 0<z<l
47 x— Y
2
3
F(x) = %_I+Z’ l<ax <2
1
T , 2<x <3,
4
L 1, >3

(b) Using the supplement property of the c.d.f.:

(o9 r(es) or (@) ()

(c¢) By definition of the conditional probability:

P(X<2’X>1)P<X:§(Zi>l)P<:;(X><1)g)
F(%)—F(l) F4<g)—F2(1) 71 -
T O1-F() 1=K :?_f:‘

1

(d) Using the definition of the expected value:

(o¢] 1 2 3
1 1
E(X):/xf(x)dx:/x.Z_l.d;n+/x(x—1)dx+/x.z.dx:
—00 0 1 2
o Tl A A
== +5| —=| T3| ==}
80 31 21 82 12

12
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Problem 6

Let X has uniform distribution ¢(0,1). Y = X2

(a)
(b)

Find c.d.f. of Y.
Find p.d.f. of Y.

Solution:

(a)

Using the definition of the c.d.f. and substituting Y in terms of X:
Py(y) =P <y)=P(X*<y).
Since X? on the support [0, 1] is a monotone function and takes only positive values:
Fy(y) =P (X* <y) =P(X <) = Fx (i)
Let’s find the c.d.f. of X for z € [0, 1]:

Fe(o) = [ px©ic= 1.2 =
—00 0
where p.d.f. of X is px(x) =1 - Ijg<z<1y. It means that c.d.f. of Y is:
0, y<0,
Fy(y)=|qvy, 0<y<1|
1, y>1

The p.d.f. of a random variable is the derivative of its c.d.f.:

d 1
py(y) = —Fy(y) =| 5= Ljo<y<1} |

dy 2\
Another solution would be to use the explicit equation for the substitutions of variables
in p.d.f. (which is basically the same we have previously done, but convoluted into one

formula):
dg—"(y) ~1
py(y) = == px(97 W),

where ¢ is the function, which relates Y with X: Y = g(X). In our case g is the square,
and ¢! is the square root. Thus,

py(y) = %px (Vy) = % 1 Tre may = % - Ljo<y<1y-

This way to solve the problem is not preferable because you can easily get confused if
the function on the given support is not monotone.

13
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1.0

0.0 0.5 1.0

Figure 9: Cumulative distribution functions of X ~ (0,1) and Y = X2
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0.0 05 1.0
Figure 10: Probability density functions of X ~ ¢/(0,1) and Y = X?.

14
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Problem 7

Let X has uniform distribution A(—1,1). Y = X2

(a) Find c.d.f. of Y.
(b) Find p.d.f. of Y.

Solution:
(a) X? in this case is a non-monotonous function and c.d.f.s have following equivalence:

Fy(y)=P(Y <y)=P(X?<y) =P(—vy <X <y) = Fx (\y) — Fx (—/Y).

Let’s find the c.d.f. of X for z € [—1,1]:

f r1 v 1
Fe(e)= [ px(@s = [ 5-d6="2=.
—00 -1
1
where p.d.f. of X is px(z) = 3" It 1<z<1). It means that c.d.f. of Y is:
1 0—;), y <0, 0 g<0,
+1 i+
FY(y): \/52 — \/z 5 0§y§1,: \/@a 0§y§177

1-0, y>1. L y>1

since the interval x € [—1,1] is translated into interval y € [0, 1].

(b) As in Problem 6, since we have identical Fy (y), the p.d.f. of YV is:

d 1
()= —F(y) =" Tocy<1y |

dy 2,y

15
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Figure 11: Cumulative distribution functions of X ~ U(—1,1) and Y = X?.
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Figure 12: Probability density functions of X ~U(—1,1) and Y = X2

16
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Problem 8
Let X,Y are independent random variables, distributed uniformly on [0, 2].
Let W = max{X,Y}, L = min{X,Y}.
(a) Find c.d.f. of W.
(b) Find p.d.f. of W.
(c) Find E(W), P(W < E(W)).
)

(d) Find E(L).

Solution:

(a) Since W is the maximal value among X and Y, we can make a conclusion, that when
W is less than some chosen number ¢, X and Y are also less than ¢ (simultaneously):

PW<t)=P(X<tnNY<t)ZPX<t)-P(Y <.

Probability of random variable being less than a chosen value ¢ is the c.d.f. value in ¢.
C.d.f-s of X and Y are identical and have the following form (for ¢ € [0, 2]):

t t

Felt) = Fy(t) = [ pxle)de = [ 5-do =3,

“oo 0
where p.d.f-s of X and Y are px(z) = py(x) = % Lo<a<a)
The c.d.f. of W then:
0-0, t<0, 0, t<0,
Fu(t) = POV < ) = Fx(t) - Fy () = %% 0<t<2 — g 0<t<2
1-1, t>2, 1, t>2

(b) The p.d.f. of a random variable is the derivative of its c.d.f.:

d t

pw(t) = EFW( ) = 5 lost<ay |

17
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(c) Using the definition of the expected value:

00 2 312 1
x x
E(W) = /xpw(x)d$—/x-§d:v— - = 3t
—00 0
Using the definition of c.d.f.:
4 4
P(W < E(W)) = Fw(E(W)) = Fw (5) =5t

(d) Firstly, let’s find the c.d.f. of L. Applying same reasoning as for W, in this case we find
that if L is greater than ¢, X and Y are also greater than ¢. Using survival functions
(1 —c.d.f):

FLt)=P(L<t)=1-P(L>t)=1-PX>tNY>t)x
M PX>t)-PY>t)=1-(1-P(X<t)-(1-PY <t)) =
1-(1-0)-(1-0), t<O0,
= (1= Fy() - (1— Fy(t)) = 1—(1—%)(1—%), 0<it<2 —
1—(1-1)-(1-1), t>2
, <0, 0, t<0,

t? 12
= 1—<1—t+—>, 0<t<2 = t—, 0<t<2
1-0, t>2, L t>2.

Now the p.d.f. from c.d.f.:

d t
) = 530 = (1= 5) - Tocren,

And the expected value of L is:

0 2 T x22 .1'32 2
50 = [amtas = [ (1-F) =G| =) <[]
ke /

18
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1.0

0.0

Figure 13: Cumulative distribution functions of X, Y, W = max(X,Y) and L = min(X,Y).
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T

Figure 14: Probability density functions of X, Y, W = max(X,Y) and L = min(X,Y).
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Problem 9

Let X be a random variable with uniform distribution on the interval [0, 7]. Find p.d.f. of
random variables:

(a) Y =sin X,
(b) Z = X3,
Solution:

P.d.f. fx and c.d.f. Fx of X are following:

0, =<0,
1 T
fx(@) =~ Tpsasny,  Fx(@)=q -, Oz
1, x>

(a) Let’s find c.d.f. of YV
Fy(y) =P(Y <y) =P(sin X <y).

Since sin X is not a monotonous function, we should find a range of X, which supports
P(sin X < y) within the interval [0, 7]. This range is illustrated in the fig. 15: From

0.0 A A

arcsin y

|

— T —arcsiny T

NCIE:

Figure 15: Conversion of probability from X to Y.

the figure it’s clear that if y < 0 the probability is 0, if y > 1 the probability is 1, and
if0<y<1:

P(sin X <y) =P(0 < X <arcsiny) + P(r —arcsiny < X <) =

2
= Fy(arcsiny) — Fx(0) + Fx(m) — Fx(m — arcsiny) = — arcsiny.
m

20



HSE & UoL . Joint continuous distributions
DSBA 221 Semmar 8-9 Random variables transformations

It means that c.d.f. of YV is:
0, y<0,
2 .
Fy(y) = { Zarcsiny, 0<y <1,
T

1, y>1

P.d.f. fy(y) is a derivative of c.d.f. Fy(y):

d 2 1
vy) = —Fv(y) = ;\/1——71/2 Mro<y<1y |

dy
Here we have to exclude 1 from p.d.f. due to discontinuity.

(b) Since Z = X? is a monotonous function on the interval [0, 7], probabilities are converted
straightforwardly:

Fp(z) =P(Z <2) =P (X’ <2) =P (X <Vz2) = Fx (Vz),

where support on Z is stretched out from [0, 1] to [0, 73]. The c.d.f. then:

P.d.f. fy(y) is a derivative of c.d.f. Fy(y):

d 1

f2(2) = —F2(2) =| 55

’ [{0<z§7r3} .

Here we have to exclude 0 from p.d.f. due to discontinuity.

Mlustrations of c.d.f.s and p.d.f.s of variables XY, Z are in the fig. 16 and 17 respectively.
Note the slopes of c.d.f.s and how they are connected to p.d.f. values.

21
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1.0

0.01

0.0 0.5 1.0 15 2.0 25 30 7w

Figure 16: Cumulative distribution functions of X ~ U(0,7), Y =sin X and Z = X?3.

2.0
151
B 10 ~
= fz(z) fy(z)
e
0.51
fx(z)
0.0
0.0 0.5 1.0 15 2.0 25 30 7w

X

Figure 17: Probability density functions of X ~ U (0,7), Y =sin X and Z = X?3.
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Problem 10

Suppose there are three assets with returns X, Xy, and X3. It is known that the returns are
uncorrelated and their means and standard deviations are:

f1 = 0.10, o = 0.05, iz = 0.02,
o1 = 040, 09 = 020, 03 = 0.05.

Find the “optimal” portfolio with mean p = 0.06 (“optimal” means smallest variance).

Solution:
The portfolio is a linear combination of three assets:
X =k X1+ ko Xo + ks X3

with constraint on a mean
E(X) =n

and minimization of a variance
V(X) — min.

Since assets are uncorrelated, the last two expressions have the following view:

kipn + kapo + kaps = p,
k202 + kjo3 + kios — min.

Let’s use Lagrange method with constraints to find optimal coefficients. The Lagrangian: £
L = kio} + k305 + kios — Nkypn + kopio + ks — ).

According to the FOC of extrema:

(0L 0
Ok (k1,k2 k3, N)=(k} k5,k5,2%) ’
oL 0
Oks (k1,k2,k3,X)=(k% k3 k% ,2*%) 7
oL 0
Oks (k1,k2 ks N)=(k+ k5 k3 ,A%) ’
oL _

. oA (k1,k2,k3,2)=(k* k3 k% ,A%)

23



HSE & UoL . Joint continuous distributions
DSBA 221 Semmar 8-9 Random variables transformations

we have
207k — I A* =0,

205ks — s\t =0,
202k% — s\ =0,
kT + pokl + psks = p.

Expressing k7 from the 15 three equations and substituting them into the 4" one:

( M1y
kT = —A\
1 20_% Y
M2 o
ks =—=A
03 I N=— 2/; 2
k= L2 i
203 o1 0z 03
(k] + pokl + pskl = p.
Thus
(oo o 5
A T
o? o032 o2
1 2 3
e = 12 & _ 5
N AT SN BN BN
2 2 2
oy 03 03
o M3 H _ 32
ol o s 19
ST ST
\ 0y 03 03
The optimal portfolio is:
5 5 32
X==X1+—Xo+—X3|
3 T T

24

5T

The found extremum is a minimum, since the second differential of a Lagrangian is always

positive:
d*L = 201dk? + 203dk3 + 202dk3 > 0.
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