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Seminar Overview

@ Quiz
@® Correlations revision
® Joint continuous distributions

O Complex distributions
Composite distributions
Variables transformations
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@ What was the hardest problem in the Midterm?
® How would you estimate overall difficulty of the Midterm?
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Problem 1

Suppose X ~ Bernoulli <;), Y ~ Bernoulli (;) and p(X,Y) = 0.8.
Find the joint distribution of X and Y.
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Problem 2

Suppose random variables X and Y have joint normal distribution.

@ If X and Y are standard normal, and P(X + Y > 1.96) = 0.025,
what is the correlation between X and Y ?

® If X and Y are independent, what is P(X > 1.96 | |Y| > 1.96)?

Anton Afanasev (HSE) Seminars 8-9 November 06, 2023



Problem 3

Let two random variables have joint p.d.f.:

cxy, 0<x,y<2,

f(xvy) = {

0, otherwise.

@ Find ¢, marginal p.d.f. fx, marginal p.d.f. fy. Are Xand Y
independent?

® Find Cov(X,Y).
® Letg(x) =E(Y | X =x). Find g(x).
® Find P (X > Y?).
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Problem 3
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Problem 4

Same as in Problem 3, but joint p.d.f. is:

cxy, 0<y<x<2,

f(x,]/) =

0, otherwise.
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Problem 4
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Problem 4
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Problem 5

X is a random variable with p.d.f.

0, x<0,
i, 0<x<1,
fix)y=<ax—a, 1<x<2,
%, 2<x <3
L 0, x>3.
©® Find c.d.f. ® Find P (X < g ‘ X > 1).
) 3
® Find P (X > 2). © Find E(X).
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Problem 5
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Problem 6

Let X has uniform distribution 2/(0,1). Y = X2.
® Find c.d.f. of Y.
® Find p.d.f. of Y.
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Problem 6
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Change of variable in p.d.f.

e If Y = g(X), where function g is strictly monotonic, then p.d.f.-s:

-1
N e B}

where absolute value is required for strictly decreasing g, since in
that case Fy(y) = 1 — Fx(¢7'(y))-

Example

X |
|

o LetX~N(p,0¥)and Z =" — ¢(X). X =¢(Z) = p + o Z.
g
® Applying change of variable formula:

f2(2) = ‘d(udJ;UZ)

1 (utoz—w? 1 2
. e 202 = ——¢ 2

2wo V2T

¢ Usable only if supports of X and g(X) are identical.
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Problem 7

Let X has uniform distribution 2/(—1,1). Y = X2.
® Find c.d.f. of Y.
® Find p.d.f. of Y.
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Problem 7
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Figure: X ~U(—1,1) and Y = X2.
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Problem 8

Let X, Y are independent random variables, distributed uniformly on
[0,2]. Let W = max{X, Y}, L = min{X, Y}.

@ Find c.d.f. of W.

® Find p.d.f. of W.

® Find E(W), P(W < E(W)).

O Find E(L).
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Problem 8
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Problem 9

Let X be a random variable with uniform distribution on the interval
[0, 7]. Find p.d.f. of random variables:

® Y =sinX,
e Z=X.
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Problem 9
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Problem 9
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Problem 10

Suppose there are three assets with returns X, X, and X3. It is known
that the returns are uncorrelated and their means and standard
deviations are:

11 = 0.10, 1o = 0.05, y13 = 0.02,
o1 = 0.40, 0y = 0.20, 05 = 0.05.

Find the “optimal” portfolio with mean p = 0.06 (“optimal” means
smallest variance).
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